This paper presents a formulation of unified models for beam and shell in curvilinear coordinate system, based on meta-modeling. Traditional structural mechanics is restricted to simple geometries and governing equations are available for a handful number of simple geometries. They are mainly derived based on stress resultants equilibrium of free body diagrams. This gives difficulty in analyzing structural elements with complex geometries analytically and numerically; involving tedious and error prone process. These limitations can be eliminated by formulating beam and shell theories for arbitrary geometry defined in curvilinear coordinate system, based on continuum mechanics. Motivated by this improvement, main objective of this work is to develop beam and shell models for arbitrary geometry, using curvilinear coordinate system based on meta-modeling. Meta-modeling guarantees the consistency of the derived beam and shell models with continuum mechanics and tensorial formulation in curvilinear coordinates produces models valid for arbitrary geometries. Governing equations for any specific geometry can be easily obtained simply by substituting the metric tensor of the coordinate system for the problem. This work is mainly based on first order approximations of field variables involved and standard variation process of Hellinger-Reissner functional. Some verification tests are done with simple geometries found in literature and it can be clearly seen that they are well matched with literature. Some analytical advantages of derived models are: availability of governing equations for arbitrary geometries; possible rigorous treatment of material non-linearity; etc. while some numerical advantages are: reduction of per-node number of degrees of freedom; faster convergence of iterative solvers; reduction of number of elements required; increase in accuracy; etc.
INTRODUCTION
Being slender components, it is important to take their exact geometry into account when analyzing structural members like beam and shell with complex geometries. Though beam and shell theories are centuries old, still there are difficulties in analyzing a structural member of complex shape both analytically and numerically. There are difficulties in analytically studying complex geometries since governing equations are available for a handful number of simple geometries, in simple coordinate systems 2),4),3),5),6),7),8), 9) like Cartesian, cylindrical, etc. In numerical simulations, complicated geometries have to be modeled as a large collection of small ordinary FEM elements. As an example, a simple problem like a twisted curved beam cannot be analytically studied using existing beam formulations, and a large number of tiny elements has to be used with Finite Element Method.
These analytical and numerical limitations can be eliminated by formulating beam and shell theories for arbitrary geometry, using curvilinear coordinate system. If formulated using tensor theory, governing equations for any specific geometry can be easily obtained simply by substituting the metric tensor of the coordinate system for the problem. This could lead to further advancements in structural mechanics. However, the traditional formulations of governing equation of structural elements is mainly based on the force and moment equilibrium of free-body diagrams 3), 7) is too tedious and error-prone for this purpose.
The natural starting point for formulating beam and shell theories in curvilinear systems is continuum mechanics. Being slender in one (i.e. shell) or two (i.e. beam) dimensions, structural elements can be considered as dimension reduced 3D continuum mechanics problems. Therefore, continuum mechanics is not only the natural starting point in formulating structural elements, but also less errorprone. Though some of research work uses continuum mechanics 2),3),4),8), 9) to formulate structural elements, those methods involve non-physical assumptions on Poisson's ratio which cannot be validated by experiments. Meta-modeling proposed by Hori et al. 1) eliminates the need of any non-physical assumptions of Poisson's ratio and rigorously establishes the connection between continuum mechanics and structural mechanics. It uses Hellinger-Reissner functional and proper approximations for the field variables involved. As a demonstration, Hori et al. have derived the existing beam and plate theories based on metamodeling.
Motivated by the above mentioned advantages, the objective of this study is to develop beam and shell models for arbitrary geometry, using curvilinear coordinate system based on meta-modeling. While the meta-modeling guarantees the consistency between continuum mechanics and the derived shell and beam models, tensorial formulation in curvilinear coordinates produces versatile models which are valid for arbitrary geometries. The resulting models will have both analytical and numerical advantages. Some analytical advantages are: availability of governing equations for arbitrary geometries; possible rigorous treatment of material nonlinearity in structural mechanics; etc. Some numerical advantages are: reduction of per-node number of degrees of freedom (DOF) (e.g. a shell element only requires 5 DOFs, while the traditional element requires 6); faster convergence of iterative solvers due to the elimination of one DOF; reduction of number of elements required due to the availability of accurate FEM elements for curved and twisted geometries; increase in accuracy; etc.
The section 2 presents the basic settings and methodology, and section 3 provides mathematical approximations considered in formulation of beam and shell elements. Deriving consistent models is explained in section 4. Section 5 covers simple verification for derived models and concluding remarks are made at the end.
METHODOLOGY AND PRELIMI-NARY SETTINGS (1) Basic settings
We consider only infinitesimal deformation of linear elastic bodies, which are slender enough in one or two dimensions to be approximated as a shell or beam. The involved field variables (i.e. displacement and stress) are approximated to have first order (i.e. linear) variations over a transverse plane to the beam axis or along normal to shell plane.
(2) Methodology: meta-modeling As explained in section 1, meta-modeling 1) proposed by Hori et al. rigorously establishes the connection between structural mechanics and continuum mechanics. It enables to construct dimension reduced models from 3D bodies while assuring consistency in between dimension reduced models and continuum mechanics. Hence, meta-modeling is used as the main methodology in this work. In this sub-section, a brief overview of meta-modeling is presented and interested readers are referred to 1) . Let us consider inconsistency between continuum mechanics and structural mechanics. As an example, consider a beam problem. In structural mechanics, beam theory employs one dimensional stress-strain relation as σ xx =Eϵ xx . σ xx and ϵ xx are the normal stress and strain components in the beam axis direction x. On the other hand, the stress-strain relation of continuum mechanics (
Obviously, there is an inconsistency between these two equations for σ xx . It appears that beam theory makes the non-physical assumption of Poisson's ratio to be zero( i.e. ν =0). Formulation of structural elements based on the following Lagrangian, which is widely used in continuum mechanics, requires this non-physical assumption.
In the above equation, ρ and c are density and elasticity tensor.u and ϵ are velocity and strain tensor respectively. · and : are inner product and second order contraction. V is the domain of target body.
Meta-modeling eliminates the need of the nonphysical assumption, ν =0, using the following functional, known as Hellinger-Reissner functional, and proper approximations for field variables u and σ. This sub-section provides a preliminary description of coordinate axes with respect to the geometries of 3D bodies being approximated as structural members. A rigorous definition of location of beam axis and shell surface are provided in section 3. a) Coordinate system for curved beam Consider the beam with an arbitrary geometry shown in Fig. 1 . Beam is 1D dimension-reduced model for a 3D continuum mechanics problem. We set up an orthogonal curvilinear coordinate system such that the x 1 axis ( principal axis) passes along the beam axis. Further, it is convenient to setup x 2 and x 3 axes ( subsidiary axes) such that those are straight within the domain of the beam section. Kinematic of curved beam is expressed in terms of strain while the displacement is mainly a functions of x 1 . Dynamics of beam is expressed in terms of stress and the subsidiary coordiante system is set such that traction free surface(σ 22 =σ 33 =0) can be easily expressed. b) Coordinate system for shell
In the case of shell, we set up an orthogonal curvilinear coordinate system such that the x 1 and x 2 axes pass along the shell mid-surface, as shown in Fig. 2 . Within the domain of the shell, the x 3 is set to be straight. In formulation of structural elements of complex geometries, the natural choice is using a coordinate system which can easily describe the geometry. This often leads to simpler governing equations for the particular geometry. In this work, analytical geometry of curvilinear coordinates is used to derive governing equations of structural elements of arbitrary geometry with C 2 continuity. Only a brief introduction to the standard terminology of analytical mechanics is provided in this sub-section.
Consider a 3D Euclidean space described by an orthogonal curvilinear coordinate system shown in 
where Once governing equations are obtained in an arbitrary curvilinear system, the governing equations with respect to a suitable coordinate system for a particular problem can be easily obtained by substituting the corresponding g ij 's and Γ i jk 's. For orthogonal coordinate system, g ij =0 when i̸ =j, and Γ i jk =0 when i̸ =j ̸ =k.
(5) Basic expressions of continuum mechanics
With respect to a curvilinear coordinate system, the strain tensor ϵ=ϵ ij b i ⊗b j ( ⊗ denotes tensor product) for infinitesimal deformation can be expressed as
In linear elastic problems, stress tensor σ=σ ij b i ⊗ b j and ϵ are related as ϵ ij =d ijkl σ kl , where for the isotropic case, compliance tensor d ijkl is
Using the above definitions, the Hellinger-Reissner functional used in meta-modeling can be expressed as
where dv= √ gdx 1 dx 2 dx 3 , and ρ is the density.
APPROXIMATION OF FIELD VARI-ABLES
Based on Taylor series expansion, it is straightforward to obtain first order approximations for displacement field u and stress field σ. However, the Taylor series approach does not clearly expose the conditions under which the approximations are valid. First, the Taylor series approach for obtaining first order approximations is briefly presented. Next, we take the second approach which clearly indicates the limitations of the approximated expressions obtained.
(1) Taylor series approach First, consider a first order approximation of u within a neighborhood dr of point x o .
√ g ii b i 's are unit vectors; no sum with respect to i.
Also, we have assumed that within dr neighborhood of x o , each base vector b i remains parallel. Recall that the coordinate axes are set such that transverse axes are straight within the domain of the 3D body being modeled (see section 2). Since the field variables are assumed to have linear variation only in the directions of transverse axes, this assumption remains valid for our beam and shell problems. Further simplifying, we can obtain
Following the same process, we can obtain a first order approximation to σ as
Strictly speaking, Eq. 8 and Eq. 9 are valid only within a small neighborhood dr=dx k b k . The extension to the whole range of transverse directions (i.e x 3 for shell, and x 2 and x 3 for beam) is valid only when the geometry of the beam/ shell satisfies certain conditions. These conditions are explored in the second approach presented next.
(2) A second approach to obtain first order approximations We take a second approach, in order to explicitly find under which conditions the Eq. 8 and Eq. 9 are valid. In this second approach, we first write the differential equation which should be satisfied by the components linearly varying with respect to length along a unit base vector v (i.e. v=v i b i and v.v=1, where i is either 1 or 2 or 3). Solving these equations, we obtained the expressions for components of the fields variables with the desired linear variations with respect to length.
First, consider the vector u. If the vector u is linearly varying along v, we can write
Similarly, for σ we can write
Both the above expressions denote first order variations of u and σ with respect to length.
In section 2, we set the transverse coordinate axes (i.e. x 2 and x 3 for beams, and x 3 for shells) to be straight within the domain of elastic body. Hence, variation of the components of u or σ with respect to the length in transverse base vector directions is linear and Eq. 10 and Eq. 11 give the following sets of equations.
a) Approximating field variables of shell model-1 In the case of shells, some components of u and σ are approximated to linearly vary with respect to the length along x 3 axis. The model-1 does not consider the effect of shear deformation, and following approximations are made for displacement and stress field.ū
Detailed explanation of deriving the first order approximations from the above are given in APPENDIX A. By further simplifying approximations for displacement and stresses by considering ∂ j (g 33 )≪1 for j =1,2 and g 33 (
e. base vector b 3 is nearly constant through the thickness of the shell) we can obtain the following simplified forms for linearly varying u and σ.
Since σ 13 =0, ϵ 13 = 1 2 (u 1;3 +u 3;1 )=0. This leads to u 3;1 =−u 1;3 Similarly, σ 23 =0 leads to u 2;3 =−u 3;2 . Settingū 3i =ū 3;i , we can write the linear approximation of displacement component u i as
First order approximations in terms of rotation:
In classical shell theories, the first order variation of certain components of u is expressed in terms of rotation vector θ=θ i b i defined over the shell surface ( x 1 ,x 2 ,0) .
we can obtainū 13 = √ gθ 2 andū 23 =− √ gθ 1 . As seen the gradientū ij is expressed in terms of θ k such that i̸ =j ̸ =k. Expressed in terms of rotation vector, the first order approximations are
b) Approximating field variables of shell model-2
For the shell model with shear deformation, we make the following additional first order approximations in addition to those in Eq. 14. These equations reveal whichū ij 's andσ ij 3 's are to be non-zero.
c) The location of x 1 x 2 -plane of shells:
The plane of the shell is such that, at any given point (x 1 ,x 2 ) on the shell surface, the net force vector due to the linearly varying componentσ a given (x 1 ,x 2 ) . The following net force should be zero.σ
Strictly speaking, the net force is zero wheń
Locating the shell plane such that these conditions are precisely satisfied could be complicated. If we assume that g 11 and g 22 remains nearly constant along x 3 at a given (x 1 ,x 2 ), the above expression is zero for arbitraryσ ij 3 , when the x 1 x 2 coordinate axes are set up such that´g 33 x 3 dx 3 =0. Hence the shell surface is defined such that´g 33 x 3 dx 3 =0, which is the middle surface of the 3D body.
d) Approximating field variables of beam model-1
The beam model-1 does not consider shear deformation effect. For modeling bi-axial bending and torsion of beams, we make the following approximations. At any given x 1 , 
Following the same process given in the AP-PENDIX A, we can obtain the following first order approximations.
In deriving these first order approximations, we assumed that at a given
The location of x 1 -axis:
The coordinate axes are set such that, at a given x 1 , the net force over the transverse plane, x 2 x 3 , due to linear componentσ 11 3 x 3 b 1 ⊗b 1 is zero. The net force at given x 1 due toσ 11 3 x 3 b 1 ⊗b 1σ
The above expression produces force vector of zero magnitude, 0, when´g 33 x 3 √ g 22 dx 2 dx 3 =0. Similarly, the net force due toσ 11 2 x 2 b 1 ⊗b 1 also should be zero, leading to´g 22 x 2 √ g 33 dx 2 dx 3 =0. Therefore, the coordinate axis x 1 is positioned such that
First order approximations in terms of rotation: Similar to shell model, The first order approximations are expressed in terms of rotation vector as ,
We can express the approximation for u 1 as
e) Approximating field variables of beam model-2 Shear deformation effect is considered in this beam model. Approximating the displacement field and stress field are similar to beam model-1 and first order approximations for beam model-2 are shown in Eq. 26 and Eq. 29.
(3) On the applicability of linear approximations
In deriving simple expressions for linear approximation of field variables, we made the following approximations. For shell models:
. At a glance, the applicability of the obtained approximations are quite restrictive since there are a number of conditions. However, all those approximations boils down with simple geometric requirements. All those conditions are satisfied if the curvatures are sufficiently small and the thickness in transverse directions are sufficiently small; i.e. there are no sharp changes in beam axis or shell surface.
CONSISTENT MODELS
In this section, the details of the development of consistent models for curved beams and shells in curvilinear coordinates are presented. In this metamodeling based derivations, we use tensor algebra so that we can easily obtain governing equation for a specific geometry by substituting the proper metric tensor to the obtained governing equations. For each of beams and shells, two consistent models are developed; one excluding shear deformation (model-1), another including shear deformation (model-2). During the derivation, the terms contributing to different modes of deformations are grouped together; i.e.the terms carrying the effects of bending, torsion, etc. This grouping allows one to easily obtain models of different combination of deformation modes; i.e. membranes, plates, etc. For the ease of comparing with the existing literature, we use the first order approximations expressed in term of rotation vector.
(1) Consistent shell model -1 Stress and strain :-
The first order approximations for stress components of shells are given in Eq. 17. Those non-zero stress components produces the following strain components which can be defined in terms of approximated displacement vector as. 
Lagrangian(L
By using approximated displacement fields, K is expressed as
where
According to the setting of x 1 x 2 plane , β b7 =β e7 =0.
We use the following subscripts to denote contributions from each mode of deformation. ti denotes the components carrying contributions from translations in x i directions, while bi denotes the components carrying the effects of bending about x 1 and x 2 axes. With these subscripts, K [u] can be expressed as
The potential energy due to elastic deformation is
Following the Hamilton's principle, by setting the δ´L * dt=0, we can obtain the corresponding governing equations, and initial and boundary conditions. Although the resulting governing equations are somewhat long, the advantage of this formulations is that the obtained governing equations are valid for a shell with an arbitrary geometry. Due to the space limitations, we only presents the governing equations for a particular mode of deformation. In the case of shells, the governing equations for membrane mode of deformation is
=0. where σ ij 's can be expressed in terms ofū i 's by solving the following set of equations
The corresponding initial conditions arē
The boundary conditions are derived respectively as follows. For boundaries along x 2 axis u 1 given orσ 12 β a6 =0 u 2 given orσ 22 β a5 =0.
For boundaries along x 1 axis u 1 given orσ 11 β a4 =0 u 2 given orσ 12 β f 6 =0.
Similarly, consistent shell model-2 is derived with approximation shown in Eq. 21.
(2) Consistent beam model -1
The beam model-1 presented in this section excludes the shear deformation and corresponds to classical Rayleigh beams. Stress and strain :-While relevant approximations of u and σ are shown in Eq. 24 to Eq. 26 , the corresponding nonzero strain components in terms of approximated u are ϵ 11 =g 11 
The potential energy is derived from Eq. 35. Setting δ´L * dt=0, we can obtain the following set of governing equations, and initial and boundary conditions. Due to space limitation, only the equations related to in-plane deformations are given.
,11
31 =0 (43) with following stress strain relations.
=0 (44) Further, the initial conditions arē
The boundary conditions arē are considered for verification.
(1) Consistent shell model -1 This section explains bahaviour of shell due to membrane action and is verified with literature as explained in below.
For one of the verification test for shells, in-plane deformation of a cylindrical shell found in 7) is used (see Fig. 4 ). The shell has a constant radius R. The curvilinear coordinate axes, x i 's, are assigned with those of cylindrical coordinate system as ( x 1 ,x 2 ,x 3 ) =(φ,z,R−r). Corresponding g ij 's and Γ i jk 's for cylindrical coordinate system are; g ij =0 if i̸ =j, g 11 =R 2 , g 22 =g 33 =1, while Γ i jk =0 except Γ 3 11 =−R and Γ 1 13 =Γ 1 31 = 1 R . It is straight forward to obtain the governing equations, initial and boundary conditions for this specific problem, by substituting these g ij 's and Γ i jk 's to Eq. 36 -Eq. 40. Specifically, the following governing equations can be obtained from Eq. 36.
Comparison of physical form of obtained governing equations (Eq. 48) with that from 7) are exactly matched, verifying the general equations we derived. The terms shown in blue, due to dynamic effects, have been ignored in 7) . T 5 áˆ5
Fig .5 Problem setting of curved beam
where ρ is density, h is shell thickness, N x = hσ 22 ,N φ =hr 2 σ 11 and N xφ =2hrσ 12 . In-plane deformation of curved beam is verified with reference 3) and problem setting of beam is shown in Fig. 5 . Curved beam of constant radius R is subjected to in-plane deformation, as described in 3) . The curvilinear coordinate axes, x i 's, are assigned with those of cylindrical coordinate system as (
Corresponding g ij 's and Γ i jk 's for cylindrical coordinate system are similar to above shell problem. Substituting corresponding g ij 's and Γ i jk 's provides following set of equations which coincide with those obtained in 3) . The extra terms shown in blue are not present in 3) which are due to taking account of rotary inertia effect.
Non 
where I z is the second moment of area about z axis and E is Young's modulus. Direct axial force along x 1 axis, N can be expressed as
where A is cross sectional area. Governing equations are obtained by using Eq. 43 as
By replacing bending moment and axial force terms given in reference 3) , governing equations are expressed as follow.
. (53) where ρ=ρA.
Let us consider the out-of-plane deformation as described in 2) . Coordinate setting is similar to above problem. The physical components of θ 1 is ϕ= √ g 11 θ 1 . Substituting corresponding g ij 's and Γ i jk 's provides the following set of equations which coincide with those obtained in 2) . The extra terms shown in blue are not present in 2) since they have ignored the effect of rotary inertia.
Here:E and G are Young's and shear modulus; ρ and A are density and cross sectional area; I r , I z and I θ are second moment of area about r, z and θ axes.
CONCLUDING REMARKS
We derived beam and shell models valid for arbitrary geometry based on meta-modeling. The respective governing equations with initial and boundary conditions in tensorial form are derived using a suitable curvilinear coordinate systems in which the kinetics and kinematics of the problems can easily be satisfied. The derived beam and shell models are verified by comparing with the governing equations for specific problems found in literature; governing equations for arbitrary geometries could not be found in literature. Main advantage of this work is that governing equations for any specific geometry can easily be obtained by substituting the metric tensor of the suitable coordinate system for the specific problem. Since no expertise on calculus in curvilinear coordinates is required, users can choose a suitable curvilinear coordinate system to best describe the geometry of his beam or shell problem. The use of meta-modeling guarantees the consistency between continuum mechanics and the derived shell and beam models.
It is straight forward to extend the current work to obtain geometrically exact FEM elements of arbitrary geometries. Some of possible numerical advantages are: reduction of per-node number of degrees of freedom (DOF); faster convergence of iterative solvers; reduction of number of elements required; increase in accuracy; etc. Though this work is involved with traditional rotation vector interpretation, there is room to derive models purely based on approximations of field variables with Taylor expansion.
APPENDIX A Approximating field variables of shell model-1
In case of shells, some components of u and σ are approximated to linearly vary with respect to the length along x 3 axis. This appendix presents how to derive the first order approximations of field variables for the shell model-1, which does not include shear deformation.
(1) Approximating the displacement field Shell model-1 is based on the following approximations for the displacement field, u. The above system of differential equations is difficult to be solved as a system. We first make the assumption that ∂ j (g 33 )≪1 for j =1,2, along x 3 at any given (x 1 ,x 2 ,0). Integrating the resulting equations with respect to x 3 , we can obtain the following expressions for the displacement field with the desired properties. For u 3 , it is straightforward to get. 
